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Abstract 
This paper evaluates the application of consecutive multistage first order kinetics for mathematical modeling of 
biogas generation trend during anaerobic digestion (AD) of typical farm-based biodegradable solids within batch 
reactors. The input parameters of the model are mass of biodegradables (as VM), initial content of total volatile fatty 
acids (TVFA) and recorded values of biogas or methane production. Multistage consecutive equations of first order 
reaction in combination with numerical solution procedure for multi-parameter differential equations can provide a 
pretty high precision modeling of biogas production and consequently estimation of achievable energy from 
biodegradable solids even though it is less sophisticated than frequently used AD models. Four types of 
biodegradable solids including pig feces, hot water-treated cotton stalks, rice straw and dairy manure were examined 
through bench-scale experiments at mesophilic conditions in order to determine the biogas production potential as 
well as the first order kinetic constants for consecutive stages of the process. All modeling trials produced reasonable 
output regarding the fitting between model predicted values and experimental results. The best fitted first order rate 
constants of hydrolysis, acidogenesis and methanogensis obtained from the observed data were in the range of 0.022 
to 0.105 d-1, 0.106 to 0.970d-1 , and 0.140 to 2.300d-1 respectively. Determination of initial content of volatile fatty 
acids could increase the goodness of fit between the model and experimental data. The proposed modeling procedure 
can predict the biogas generation trend within r10% accuracy. 
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Nomenclature 
k1 first order rate constant for hydrolysis )( 1d  k2  first order rate constant for acidogenesis )( 1d  
k3 first order rate constant for methanogenesis )( 1d     lbm ,  mass of large molecule biodegradables (g VS) 
VFAm  mass of volatile fatty acids (g VS)      m number of parameters in the model 
n number of experimental data      
obs
ip  the observed result 
pred
ip   the predicted result    lgY ,  biogas yield corresponding to large molecules 
1. Introduction 
Anaerobic digestion plays a fast growing role but still a small share among energy conversion 
technologies in the global energy mix [1] while provides an attractive option for handling biodegradable 
wastes [2] in which, a key step in process design and reactor configuration is the determination of process 
kinetics [3]. Since the estimation of biogas potential and its generation pattern is essential in assessment 
of any AD project, a great number of research works have been concerned with the modeling of biogas 
and/or methane generation trend as the main measure for the process characterization from which, the 
review work of Lauwers et al. [4] presented a general outlook to the so far available models with 
emphasize on the anaerobic digestion model No.1 (ADM1) which was developed by International Water 
Association (IWA) in 2002. Furthermore, attempts on developing less sophisticated models by the 
purpose of determining the rate constants and defining the bio-kinetics of biogas generation process have 
been performed by several researchers such as Koch and Drewes [5], Martinez and co-workers [6], or 
Pham et al [7]. Application of multi-stage consecutive reaction mechanism in kinetic modeling of biogas 
generation is an alternative method to the frequently used procedures. Degirmentas and Deveci developed 
multi-stage mathematical models on both a first-order and a second-order reaction basis for prediction of 
COD degradation during the anaerobic treatment of pharmaceutical process wastewater [8]. Safari et al., 
applied the first-order three-stage consecutive equations for kinetic modeling of anaerobic COD removal 
from high-strength landfill leachate and observed a reasonable fitting between the model predicted and 
the experimental values (R-square equal to 0.95) [9]. This article attempts to evaluate the application of 
first order three-stage kinetic model for characterization of biogas (and consequently bioenergy) 
generation trend from biodegradable solids on the lab-scale experimental basis. Since the application of 
sophisticated kinetic models like ADM1 requires several analytical measurements which are likely 
expensive and less favorable in the developing countries hence, one of the scopes of this research was to 
evaluate a proposed inexpensive procedure to predict biochemical methane generation trend during 
anaerobic biodegradation process in batch reactors. 
2. Materials and methods 
2.1. Substrates and inocula 
Four types of biodegradable solids including pig feces, cotton stalks, cow dung and rice straw were 
employed as substrates during the anaerobic digestion (AD) experiments. A summary of the materials’ 
characteristics has been presented in Table 1. Cotton stalks and rice straw were ground to less than 3mm 
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in size. Hot water was utilized for atmospheric hydrothermal pre-treatment of cotton stalks. A detailed 
description on pre-treatment of cotton stalks has been presented in a previous work of the authors [10]. A 
part of rice straw were subjected to pre-treatment by the recycled process liquid (RPL) from AD process. 
The heating stage lasted for 15minutes boiling at around 100ºC for all treated samples. 
All digestion experiments were conducted in batch reactors at 38±1ºC. The measurements for 
cumulative biogas and methane volume were normalized as specific yield per unit mass of volatile matter 
(VM) at STP conditions. Dry matter (DM) and volatile matter (VM) content of substrates and inocula 
were measured according to Mayland[11] and Standard Methods [12]. Total alkalinity and total volatile 
fatty acids (TVFA) were measured by titration according to Lahav & Morgan [13]. 
Table 1. Major characteristics of experimental feedstock 
Parameter  TS 
%wet basis 
VS  
%dry basis 
Extractives  TAC* (mgkg-
1wet) 
TVFA**  
(mgkg-1wet) 
NH4-N 
%dry basis  (mgkg-1wet) 
Inoculum (1) 15.26r0.7 49.41r0.59 n.m. 48480±540 18085±676 4790±135 
Inoculum (2) 9.46±2.8 57.22±3.37 n.m. 8731±248 4318±213 1856±617 
Pig feces  19.99r3.74 75.92±1.75 n.m. 12692 ± 929 21551± 3710 3408±1023 
Cotton stalks (raw) 95.84±1.3 93.74±1.85 14.9r3.82 n.a n.a n.a. 
Dairy manure 15.2± 0.36 85.24± 0.43 n.m. 6953±123 6786±79 1496±140 
Rice straw (raw) 89.71±2.32 82.39±1.7 16.9±1.85 n.a. n.a. n.a. 
Cotton stalks (HWT) 15.2 92.9 22.2±2.91 968±73 590±31 n.d. 
Rice straw (RPL) 13.3 81.4 29.6±2.85 1947±63 4878±49 1856±270 
* total alkalinity as mg-CaCO3    ** total volatile fatty acids as mg-CH3COOH       
1) stabilized sludge from a swine farm biogas digester      2) mature digestate from a pilot reactor  
 
2.2. Modeling and applied equations  
The three stage consecutive kinetic model based on hydrolysis, acidogenesis and methanogenesis is 
considered as follows [3]: 
GAHB kkk ooo 321        (1) 
B, H, and A represent biodegradable large-molecule compounds, hydrolysis products, and 
acidogenesis products respectively and G is methanogenesis product or biogas. 
The differential equations and their solutions have been first developed by Ciftci [14] and also 
applied by Safari et al. [9]. The current study tried to combine the relevant formulas to develop equations 
for prediction of cumulative biogas volume over the digestion time therefore; the proposed model is as 
follows: 
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After the processing of the observed values of cumulative biogas or methane volume over time, the 
fitting of models with practical data was carried out and the rate constants and yield values were 
calculated by nonlinear multi-parameter curve fitting procedure using a Gauss-Newton algorithm of 
MATLAB software version 9.02. 
During the attempts for the fitting of multi stage equations with the observed data, it was found that 
a wide variability of rate constants sometimes resulted in high values of the squared Pearson product 
moment correlation coefficient (R-square). For a better justification on the goodness of fit between 
models and practical data the correlation factor, F-test, and t-test were considered to verify the accuracy 
of modeling results. Furthermore, a modified final prediction error (FPE) criterion was calculated for each 
pair of predicted and experimental dataset by the following formula which had also been used by Vavilin 
et al. [15] in order to make a better judgment of the goodness of fit. 
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1
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       (5) 
3. Results and discussion 
The cumulative biogas yield from different examined feedstock were modeled for determination of 
first order 3-stage kinetics by Eq.(2). The estimated kinetic parameters deviate within up to 3% as 
mentioned in Error! Reference source not found.. All modeling results showed acceptable goodness 
of fit in terms of FPE and correlation factor. The relevant predicted curve for hot water treated (HWT) 
cotton stalks has been plotted and compared with the observed values inFig. 1.a. The estimated biogas 
yield shows a significant difference with the theoretical yield which is anticipated around 820mL/g-VS 
assuming 60% CH4 in the biogas [10]. It may be interpreted by the insufficient delignification and 
fractionation of cotton stalk fibers through hot water treatment. 
Table 2. Results of estimated kinetic parameters for the examined substrates 
 HWT cotton 
stalks*      
Pig feces** High TS dairy 
manure*** 
Raw rice 
straw 
RPL treated 
rice straw 
lgY ,  (mLg-1VS) 198.0±0.3 537.7±0.3 366.7±0.3 175.7±0.2 348r5 
VFAgY ,  (mLg-1VFA) 300.3±1.9 799.6±1.9 330.7±1.2 150±0.4 320r5 
k1 (d-1) 0.0795±4e-4 0.1053±4e-4 0.090±5e-4 0.093±4e-4 0.088r0.001 
k2 (d-1) 0.627±0.01 0.1060±0.001 0.1428±0.001 0.920±0.001 1.23r0.01 
k3 (d-1) 0.732±0.018 0.231±0.015 0.1459±0.001 1.350±0.001 1.763r0.001 
R^2 0.9932 0.9901 0.9916 0.9857 0.9955 
F-test 0.7449 0.9960 0.9518 0.7652 0.6524 
T-test 0.0201 0.9160 0.9155 0.4605 0.0028 
Correlation factor 0.9966 0.9950 0.9958 0.9928 0.9977 
FPE 0.02146 0.0104 2.456 
0.0068 
0.2168 0.0042 
*) lm =0.996g/g-VS; VFAm =0.004g/g-VS    **) lm =0.948g/g-VS  VFAm =0.052g/g-VS 
***) lm =0.948g/g-VS  VFAm =0.052g/g-VS (analytically measured) 
The calculated hydrolysis rate constant of pig feces (
1
1 105.0
 dk ) complied with that was obtained 
by Vavilin et al. [16] for pig manure. The first-order constants for acidogenesis and methanogenesis were 
comparable to the reported values by Safari et al.[9] ( 1209.0 d  and 1163.0 d  respectively). As displayed 
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on Fig.1.b, the predicted curve by the model represented a very good fit with the experimental data 
through which nearly all estimations lied within less than 5% deviation with the actual measurements. For 
dairy manure after taking into account the data regarding the 5th day ahead, the FPE was obtained quite 
diminutive as the correspondent curve fits the experimental data. The estimated value for mesophilic 
hydrolysis constant ( 11 09.0
 dk ) is comparatively lower than the value of 0.13d-1 that was reported by 
Vavilin et al. [17] at thermophilic conditions for cattle manure.  
The results for rice straw showed the effect of pre-treatment on increasing the biogas yield and rate 
constants for acidogenesis and methanogenesis. The amounts of hydrolysis rate constant showed 
consonance with the reported values for the same substrates through anaerobic digestion process in the 
literature [18]. 
  
Fig. 1.  Model predicted versus experimental results for HWT cotton stalks  and pig feces 
 
Fig. 2.  Demonstration of modeling results for rice straw  
4. Conclusion  
Application of the first order multi stage consecutive mechanisms was examined for modeling of 
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biogas generation from biodegradable solids. This study showed their capability in verified modeling of 
trends in cumulative volume of biogas or methane during AD of biodegradable solids in batch 
experiments from which the results may be scaled up to plug-flow reactors as well. Appropriate selection 
of a default range for the variation of kinetic constants played an essential role in fast and accurate 
computation of process kinetics by the numerical methods. 
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